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Generative vs. 
Discriminative Models

• Discriminative model: a model that calculates the 
probability of a latent trait given the data 
 
 

• Generative model: a model that calculates the 
probability of the input data itself

P(X)
stand-alone

P(X, Y)
joint

P(Y | X)
conditional



Probabilistic Language 
Models

P (X) =
IY

i=1

P (xi | x1, . . . , xi�1)

Sentence/Document

A generative model that calculates the 
probability of language



What Can we Do w/ LMs?
• Score sentences:

• Generate sentences:

P(Jane went to the store .) → high 
P(store to Jane went the .) → low
(same as calculating loss for training)

x̃ ∼ P (X)



How Can we Apply These?
• Answer questions

• Score possible multiple choice answers 
• Generate a continuation of a question prompt 

• Classify text
• Score the text conditioned on a label 
• Generate a label given a classification prompt 

• Correct grammar
• Score each word and replace low-scoring ones 
• Generate a paraphrase of the output



Auto-regressive Language 
Models

P (X) =
IY

i=1

P (xi | x1, . . . , xi�1)

Next Token Context

P (xi | x1, . . . , xi�1)
The big problem: How do we predict

?!?!

Aside: there are also masked and energy-based language 
models, but we’ll not cover them today.



Unigram Language Models



The Simplest Language Model: 
Count-based Unigram Models

• Let's choose the simplest one for now! 

• Independence assumption: 

• Count-based maximum-likelihood estimation: 

P (xi|x1, . . . , xi�1) ⇡ P (xi)

<latexit sha1_base64="euJyl9NxtFvcXs8q5kq8afGoAAI=">AAACFXicbVDNS8MwHE3n15xfVY9egkPYYI5WJnocevE4wX3AOkqapVtY2pQklY26f8KL/4oXD4p4Fbz535h1Pejmg8DLe+9H8ntexKhUlvVt5FZW19Y38puFre2d3T1z/6AleSwwaWLOuOh4SBJGQ9JUVDHSiQRBgcdI2xtdz/z2PRGS8vBOTSLSC9AgpD7FSGnJNSuN0til8AGOXbsCHdbnSlb0JaGn9rQMHRRFgo9hmiq7ZtGqWingMrEzUgQZGq755fQ5jgMSKsyQlF3bilQvQUJRzMi04MSSRAiP0IB0NQ1RQGQvSbeawhOt9KHPhT6hgqn6eyJBgZSTwNPJAKmhXPRm4n9eN1b+ZS+hYRQrEuL5Q37MoOJwVhHsU0GwYhNNEBZU/xXiIRIIK11kQZdgL668TFpnVbtWPb+tFetXWR15cASOQQnY4ALUwQ1ogCbA4BE8g1fwZjwZL8a78TGP5oxs5hD8gfH5A/cRnNc=</latexit>

PMLE(xi) =
ctrain(xi)P
x̃ ctrain(x̃)

<latexit sha1_base64="/11Qjf01604wXAmlZGP7Vu1jGqU="></latexit>



Handling Unknown Words
• If a token doesn't exist in training data 

becomes zero!
P (xi) =

ctrain(xi)P
x̃ ctrain(x̃)

<latexit sha1_base64="woRP86CnPBJpXJkOgB30CjIEg7w="></latexit>

• Two options: 
• Segment to characters/subwords: Make sure 

that all tokens are in vocabulary. 
• Unknown word model: create a character/word 

based model for unknown words and interpolate.

P (xi) = (1� �unk) ⇤ PMLE(xi) + �unk ⇤ Punk(xi)

<latexit sha1_base64="eop8PFR/vWEJiFCzxkrvdew+jw8="></latexit>



Parameterizing in Log Space
• Multiplication of probabilities can be re-expressed 

as addition of log probabilities

• Why?: numerical stability, other conveniences 

• We will define these parameters θxi

P (X) =

|X|Y

i=1

P (xi)
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logP (X) =

|X|X

i=1

logP (xi)

<latexit sha1_base64="biCsG+T/AkMquac1uzZTo0xs48s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0VoNyWRim4KRTcuK9g20MQwmU7aoZMHMxOxpPkFN/6KGxeKuHXnzr9x2mahrQcuHM65l3vv8WJGhTSMb62wsrq2vlHcLG1t7+zu6fsHHRElHJM2jljELQ8JwmhI2pJKRqyYExR4jHS90dXU794TLmgU3spxTJwADULqU4ykkly9YrNoAFsVqwob0BZJ4Ka0YWZ36cSaZDA3H1xadfWyUTNmgMvEzEkZ5Gi5+pfdj3ASkFBihoTomUYsnRRxSTEjWclOBIkRHqEB6SkaooAIJ519lMETpfShH3FVoYQz9fdEigIhxoGnOgMkh2LRm4r/eb1E+hdOSsM4kSTE80V+wqCM4DQe2KecYMnGiiDMqboV4iHiCEsVYkmFYC6+vEw6pzWzXju7qZebl3kcRXAEjkEFmOAcNME1aIE2wOARPINX8KY9aS/au/Yxby1o+cwh+APt8we/KZu7</latexit>

✓xi := logP (xi)

<latexit sha1_base64="Uvfl3wIvMmXOg4sTPFCNmCa8evw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRSUQSh6MZlBfuAJoTJdNIOnTyYuRFL6MKNv+LGhSJu/Qh3/o3TNgttPXDhzDn3MvcePxFcgWV9G0vLK6tr64WN4ubW9s6uubffUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsfXk/89j2TisfRHYwS5oakH/GAUwJa8sySAwMGxMsePD7GF5fYEXEfNyr6eeyZZatqTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjopIolhA5Jn3U1jUjIlJtNjxjjI630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOvsoSAWGGE8SwT0uGQUx0oRQyfWumA6IJBR0bkUdgj1/8iJpnVTtWvX0tlauX+VxFFAJHaIKstEZqqMb1EBNRNEjekav6M14Ml6Md+Nj1rpk5DMH6A+Mzx8lmpcg</latexit>

Quiz: how many parameters does a unigram model have?



Higher-order Language 
Models



Higher-order n-gram Models

• Limit context length to n, count, and divide

• Add smoothing, to deal with zero counts:
P (xi | xi�n+1, . . . , xi�1) =�PML(xi | xi�n+1, . . . , xi�1)

+ (1� �)P (xi | x1�n+2, . . . , xi�1)

PML(xi | xi�n+1, . . . , xi�1) :=
c(xi�n+1, . . . , xi)

c(xi�n+1, . . . , xi�1)

P(example | this is an) = c(this is an example) 
c(this is an)



Smoothing Methods 
(e.g. Goodman 1998)

• Additive/Dirichlet:

• Discounting:

P (xi | xi�n+1, . . . , xi�1) :=
c(xi�n+1, . . . , xi) + ↵P (xi | xi�n+2, . . . , xi�1)

c(xi�n+1, . . . , xi�1) + ↵

<latexit sha1_base64="2HeiZwFlQxdWf55WDkF3vDb/JIA="></latexit>

interpolation hyperparameter

fallback distribution

• Kneser-Ney: discounting w/ modification of the 
lower-order distribution

discount hyperparameter

↵ =
X

{x̃;c(xi�n+1,...,x̃)>0}

d

<latexit sha1_base64="RnC/vY+LfY+2lypx/Q+G7PHRCS8="></latexit>

interpolation calculated by sum of discounts

Goodman. An Empirical Study of Smoothing Techniques for Language Modeling. 1998.

P (xi|xi−n+1, . . . , xi−1) :=
c(xi−n+1, . . . , xi)− d+ αP (xi−n+2, . . . , xi−1)

c(xi−n+1, . . . , xi−1)



Problems and Solutions?
• Cannot share strength among similar words

she bought a car
she purchased a car

she bought a bicycle
she purchased a bicycle

→ solution: class based language models

Dr. Jane Smith
• Cannot condition on context with intervening words

Dr. Gertrude Smith
→ solution: skip-gram language models

• Cannot handle long-distance dependencies
for tennis class he wanted to buy his own racquet

→ solution: cache, trigger, topic, syntactic models, etc.
for programming class he wanted to buy his own computer



When to Use n-gram Models?

• Neural language models achieve better 
performance, but 

• n-gram models are extremely fast to estimate/apply 

• n-gram models can be better at modeling low-
frequency phenomena 

• Toolkit: kenlm

https://github.com/kpu/kenlm 

https://github.com/kpu/kenlm


LM Evaluation



Likelihood
• Log-likelihood: 
 

• Per-word Log Likelihood:

Papers often also report negative log likelihood 
(lower better), as that is used in loss.

LL(Xtest) =
∑

X∈Xtest

logP (X))

WLL(Xtest) =
1∑

X∈Xtest
|X|

∑

X∈Xtest

logP (X))



Entropy
• Per-word (Cross) Entropy: 

H(Xtest) =
1∑

X∈Xtest
|X|

−
∑

X∈Xtest

log2 P (X))

Quiz: why log2?



An Aside: LMs and Compression

• Any probabilistic model can 
compress data 

• Use shorter outputs for more likely 
inputs 

• Method: arithmetic coding

PA = 50% PC = 17%PB = 33%
0 1

0.10 0.10(1)... = 0.11

code(B) = 10

PA = 50% PC = 17%PB = 33%
0.5 0.83

0.11001 0.11001(1) = 0.1101

code(BC) =11001

0.5 0.83

PA = 50% PC = 17%PB = 33%
0.7739 0.83

0.7739 0.83
0.11001 0.110010(1) = 0.110011

code(BCA) =110010

Image credit: Wikipedia



Perplexity
• Perplexity:

PPL(Xtest) = 2H(Xtest) = e
−WLL(Xtest)

Token: ' be' - Probability: 0.0352 
Token: ' jump' - Probability: 0.0338 
Token: ' start' - Probability: 0.0289 
Token: ' run' - Probability: 0.0277 
Token: ' try' - Probability: 0.0219

When a dog sees a squirrel it will usually ___ 

→ PPL= 34.6

→ PPL= 28.4
→ PPL= 29.6

→ PPL= 36.1
→ PPL= 45.7



Evaluation and Vocabulary

• For fair comparison:

• Make sure that the denominator is the same (e.g. 
when comparing character and word-based 
models) 

• If you are allowing unknown words/characters, 
make sure that the known vocabulary is the same



An Alternative: 
Featurized Log-Linear Models 

(Rosenfeld 1996)



An Alternative: 
Featurized Models

• Calculate features of the context 

• Based on the features, calculate probabilities 

• Optimize feature weights using gradient descent, 
etc.



An Alternative: Featurized Models

giving a

lookup2 lookup1

+ +

bias

=

scores

softmax

probs

Each vector is size of 
output vocabulary

• Calculate features of the context, calculate 
probabilities

• Feature weights optimized by SGD, etc. 
• What are similarities/differences w/ BOW classifier?



Example:
Previous words: “giving a"

a 
the 
talk 
gift 
hat 
…

Words we’re 
predicting

3.0 
2.5 
-0.2 
0.1 
1.2 
…

b=

How likely 
are they?

-6.0 
-5.1 
0.2 
0.1 
0.5 
…

w1,a=

How likely 
are they 

given prev. 
word is “a”?

-0.2 
-0.3 
1.0 
2.0 
-1.2 
…

w2,giving=

How likely 
are they 

given 2nd prev. 
word is “giving”?

-3.2 
-2.9 
1.0 
2.2 
0.6 
…

s=

Total 
score



Reminder: Training 
Algorithm

• Calculate the gradient of the loss function with 
respect to the parameters 
 

• How? Use the chain rule / back-propagation. 
More in a second 

• Update to move in a direction that decreases the 
loss 
 
 

@Ltrain(✓)

@✓

<latexit sha1_base64="YAB6gXNBIDMseKKx09pIN6g7zZY=">AAACKnicbVC7TsMwFHV4U14FRhaLCgmWKkEgGHksDAwgUUBqqurGvaEWjhPZN4gqyvew8CssDCDEyofglA68jmTp6NxzbZ8TZUpa8v03b2x8YnJqema2Nje/sLhUX165tGluBLZEqlJzHYFFJTW2SJLC68wgJJHCq+j2uJpf3aGxMtUXNMiwk8CNlrEUQE7q1g/D2IAowgwMSVA8TID6AlRxWnZDwnsqyIDU5WZIfSTYKr9Zh0rZrTf8pj8E/0uCEWmwEc669eewl4o8QU1CgbXtwM+oU1S3CoVlLcwtZiBu4QbbjmpI0HaKYdSSbzilx+PUuKOJD9XvGwUk1g6SyDmrJPb3rBL/m7Vzivc7hdRZTqjF10NxrjilvOqN96RBQWrgCAgj3V+56IPrjly7NVdC8DvyX3K53Qx2mrvnO42Do1EdM2yNrbNNFrA9dsBO2BlrMcEe2BN7Ya/eo/fsvXnvX9Yxb7Szyn7A+/gEo3ipPA==</latexit>

✓  ✓ � ↵
@Ltrain(✓)

@✓

<latexit sha1_base64="pxoZXjlUAQ8oxHFX7LHIMbVyXMc="></latexit>



What Problems are Handled?
• Cannot share strength among similar words

she bought a car
she purchased a car

she bought a bicycle
she purchased a bicycle

→ not solved yet 😞

• Cannot condition on context with intervening words
Dr. Jane Smith Dr. Gertrude Smith

• Cannot handle long-distance dependencies
for tennis class he wanted to buy his own racquet

for programming class he wanted to buy his own computer

→ solved! 😀

→ not solved yet 😞



Back to Language Modeling



Feed-forward Neural 
Language Models

• (See Bengio et al. 2003) giving a

lookup lookup

probs

softmax+

bias

=

scores

W

tanh( 
  W1*h + b1)



Example of Combination Features
• Word embeddings capture features of words 

• e.g. feature 1 indicates verbs, feature 2 indicates determiners 
• A row in the weight matrix (together with the bias) can capture 

particular combinations of these features 
• e.g. the 34th row in the weight matrix looks at feature 1 in the 

second-to-previous word, and feature 2 in the previous word

1.2
-0.1
0.7
-2.1
0.5

-0.3
2.0
0.6
-0.8
-0.4

giving

a

w34 b34
1.5
0
0
0
0

0
1.3
0
0
0

-2* + =
positive number if 

the previous word is a 
determiner and 

second-to-previous 
word is a verb



Where is Strength Shared?
giving a

lookup lookup

probs

softmax

tanh( 
  W1*h + b1)

+

bias

=

scores

WWord embeddings: 
Similar input words 
get similar vectors

Similar output words 
get similar rows in 

in the softmax matrix

Similar contexts get 
similar hidden states



Tying Input/Output 
Embeddings

• We can share parameters 
between the input and output 
embeddings (Press et al. 
2016, inter alia)

giving a

pick row pick row

probs

softmax

tanh( 
  W1*h + b1)

+

bias

=

scores

W

Want to try? Delete the input embeddings, and 
instead pick a row from the softmax matrix.



• Cannot share strength among similar words
she bought a car

she purchased a car
she bought a bicycle

she purchased a bicycle

• Cannot condition on context with intervening words
Dr. Jane Smith Dr. Gertrude Smith

• Cannot handle long-distance dependencies
for tennis class he wanted to buy his own racquet

for programming class he wanted to buy his own computer

→ solved! 😀

→ not solved yet 😞

→ solved, and similar contexts as well! 😀

What Problems are Handled?



Many Other Potential 
Designs!

• Neural networks allow design of arbitrarily complex 
functions! 

• In next class: 

• Recurrent Neural Network LMs

• Convolutional LMs

• Transformer LMs



Other Desiderata of LMs



Calibration (Guo+ 2017)

• The model “knows when it knows” 

• More formally, the model probability 
of the answer matches the actual 
probability of getting it right 

• Typically calculated by bucketing 
outputs and calculating “expected 
calibration error”



How to Calculate Answer 
Probability?

• Probability of the answer 

• Probability of the answer + paraphrases (Jiang+ 2021) 

• Sample multiple outputs, and count number of answers 
(Wang+ 2022) 

• Ask the model what it thinks (Tian+ 2023)

Good comparison in Xiong+ (2023)



Efficiency
• The model is easy to run on limited hardware. 

• Metrics:

• Parameter count 

• Memory usage (model only, peak) 

• Latency (to first token, to last token) 

• Throughput 

• See distillation/compression and generation algorithms classes



Efficiency Tricks



Efficiency Tricks: 
Mini-batching

• On modern hardware 10 operations of size 1 is 
much slower than 1 operation of size 10 

• Minibatching combines together smaller operations 
into one big one



Minibatching



GPUs vs. CPUs

Quick to start, top speed 
not shabby

Takes forever to get off the 
ground, but super-fast 

once flying

CPU, like a motorcycle GPU, like an airplane

Image Credit: Wikipedia



A Simple Example
• How long does a matrix-matrix multiply take?



Speed Trick 1: 
Don’t Repeat Operations

• Something that you can do once at the beginning 
of the sentence, don’t do it for every word!

for x in words_in_sentence: 
  vals.append( W * c + x )

Bad

W_c = W * c 
for x in words_in_sentence: 
  vals.append( W_c + x )

Good



Speed Trick 2: 
Reduce # of Operations

• e.g. can you combine multiple matrix-vector 
multiplies into a single matrix-matrix multiply? Do so!

for x in words_in_sentence: 
  vals.append( W * x ) 
val = dy.concatenate(vals)

Bad

X = dy.concatenate_cols(words_in_sentence) 
val = W * X

Good



Speed Trick 3: 
Reduce CPU-GPU Data Movement
• Try to avoid memory moves between CPU and GPU. 

• When you do move memory, try to do it as early as 
possible (GPU operations are asynchronous)

Bad
for x in words_in_sentence: 
  # input data for x 
  # do processing

# input data for whole sentence 
for x in words_in_sentence: 
  # do processing

Good



Questions?


